Abstract: The general theory of Faraday rotation in high-Q whispering-gallery (WG) mode optical cavities is investigated. We have derived a matrix equation for the transmitted optical field through a WG mode optical cavity in a time-independent magnetic field. Using the corresponding mathematical framework, we have studied the behavior of the output power spectrum as a function of the magnetic field strength for a typical WG mode optical cavity. The effects of input polarization, optical quality factor, and cavity diameter on the magnetic response are studied.
Introduction
High-quality factor (high-Q) optical Whispering-Gallery (WG) microcavities have been the subject of intensive research during the past decade [1] . The small mode volume, large resonant power buildup, long photon lifetime, and ultranarrow bandwidth have made these cavities the ideal platforms for studying nonlinear optical effects [2] - [4] and detection of small changes in the effective refractive index (due to presence of external particles or fields in the vicinity of the optical mode) [5] . Using these properties low threshold lasers, high-sensitivity molecule detectors, and electrooptic modulators have been demonstrated [6] - [8] .
A well-known optical phenomenon is the Faraday effect or polarization rotation due to a longitudinal external magnetic field. Although the Faraday effect has been studied in a large variety of different configurations [9] - [11] , its study in optical resonators has been mainly limited to Fabry-Perot (FP) type optical cavities [12] , [13] . It has been shown that by placing the Faraday medium in an optical resonator, one can amplify the Faraday rotation by resonant enhancement of the interaction length. In an alternative approach nonresonant fiber coils have been used in order to reduce the volume of the Faraday rotator without sacrificing the interaction length [14] . In these structures, magnetic field interacts with the optical beam propagating along a helical fiber waveguide. Given the high-Q, compactness, and simple structure of WG optical microresonators, it seems natural to consider them as sensitive Faraday rotators as well. The long photon lifetime in these cavities results in a large interaction length between the optical wave and the magnetic field. In this case, the optical resonator is also the Faraday medium as opposed to large FP cavities where the Faraday medium is placed inside the cavity (formed by mirrors) and only partially overlaps the optical path.
Previously, the polarization conversion in ring resonators and WG microcavities was investigated in spherical WG mode optical microcavities mainly in the absence of a constant magnetic field [15] , [16] . In [17] , using quantum theory and the Hamiltonian approach, it was shown that an alternating magnetic field with a frequency close to the difference between the frequencies of the transverse electric (TE) and transverse magnetic (TM) modes can alter the population difference between resonant TE and TM photons in an optical cavity. However, to our knowledge, a comprehensive study of the transmitted power spectrum of a waveguide coupled circular optical resonator in the presence of constant magnetic field does not exist. Here, we investigate the Faraday rotation in WG-mode optical cavities using a theoretical framework that combines the Faraday rotation, birefringence, and optical resonance in the context of classical electromagnetic theory. Using this model, we explore the magnetic sensitivity of the transmitted optical power through a waveguide coupled with a silica sphere (as a typical WG optical cavity). In the presence of a time-independent magnetic field, we study the behavior of the optical output spectrum from a WG microresonator as a function of input polarization, optical quality factor, diameter, and magnetic field strength using silica microsphere as the main platform. We identify two operational regimes that can be used for magnetic field (B-field) sensing applications. Our study shows that even in high-Q WG-mode cavities, the sensitivity of the optical spectrum to the magnetic field is significantly reduced due to the large magnitude of geometrical birefringence. A previously shown fiber coil optical B-field sensor also suffers from the same problem (birefringence induced by fiber bending), but matching the birefringence half-beat-length to the circumference of the coil solves the problem [14] . We show that in a WG-mode optical cavity, the polarization birefringence half-beat-length cannot be matched to the circumference of cavity. In spite of this problem, using a mixed TE-TM input polarization, the appropriate level of sensitivity for certain applications can be obtained, even in a high-Q spherical optical cavity made of silica (that has a small Verdet constant). Clearly, fabrication of high-Q WG mode cavities using materials with large Verdet constant can significantly improve the sensitivity. Moreover, using naturally birefringent materials can counterbalance the geometrically induced birefringence resulting in WG cavities with very small birefringence. This is a preliminary study based on silica sphere; however, the model and outcomes may initiate new directions in the WG optical cavity application toward all-dielectric, compact, and sensitive magnetic field sensors that are immune to electromagnetic interference. Beyond its possible application for magnetic field sensing, the Faraday rotation in WG mode microcavities provides a means for controlling the circulating optical field using an external field. This is an important degree of freedom specially for high-Q optical microcavities made of nonelectrooptic materials that are insensitive to electric fields.
Theory
Using the general theory of electromagnetic propagation in the presence of Faraday rotation and birefringence [18] - [21] combined with the theory of waveguide-resonator system [22] - [24] , we derive a general relation between the input and transmitted optical field components for a waveguide coupled WG cavity in a time-independent magnetic field. Using this theoretical framework, we identify two specific input polarizations that can translate the presence of an external magnetic field to optical out power variations.
General
Fig . 1 shows the schematic diagram of a WG optical cavity side-coupled to a waveguide. The constant magnetic field can be uniform ðB P Þ or a circular field ðB C Þ that is always tangential to the circulating optical path (for example, the field generated by a wire perpendicular to the WG mode plane and passing through the resonator center). and t are the optical field coupling and transmission coefficients for the coupling junction between the cavity and the waveguide. Here, we assume that the coupling is lossless. We define
as the round trip optical phase shift and roundtrip loss factor, respectively. n eff is the effective refractive index of the circulating optical wave, is the laser wavelength, and Q 0 is the intrinsic (unloaded) optical quality factor of the cavity. In the absence of birefringence and Faraday rotation, the transmitted electric field ðE T Þ can be written as [23] 
Note that even if the resonator is made of isotropic material (with a single bulk refractive index), the geometrically induced birefringence in a WG resonator results in a different round trip optical phase for the TE and TM polarized modes [24] . The geometrical birefringence that is caused by the curved boundary condition between the cavity and the surrounding medium may be quantified as Án g ¼ n eff;TE À n eff;TM , where n eff;TE and n eff;TM are the effective optical refractive index of the TE and TM polarized WG modes. Án g can be calculated by solving the Maxwell equations and the boundary conditions associated with a spherical dielectric cavity [24] . In the absence of a coupling mechanism between TE and TM polarized modes, (1) is valid for both TE and TM (with different n eff s) and results in independent resonant dips in the optical transmission spectrum for each polarization state. In the presence of mechanisms such as the Faraday effect that can rotate the polarization of the optical E -field vector inside the resonator and, therefore, couple TE and TM modes, the situation is more complicated, and a matrix treatment is required. In what follows, we use the matrix equation developed for nonresonant Faraday rotation in birefringent crystals [18] - [21] to derive a general matrix equation for the optical wave circulating in WG optical cavity.
Input With Arbitrary Polarization
In the presence of magnetic field and, therefore, Faraday effect, the propagation of the x (TE) and y (TM) components of the optical E -field inside the cavity can be described by a matrix equation [14] , [18] - [21] . In a traveling wave circular optical resonator (with a radius R), the matrix equation can be used to calculate the roundtrip evolution of the resonant optical fields. In the absence of loss, the relation between amplitude and relative phase for the mth round trip propagation starting from the coupling junction can be written as where
Á represents the birefringence in the optical cavity (in the case of isotropic medium geometrically or bending induced). F is the Faraday rotation angle per unit length of the optical path. For a circular magnetic field (B C in Fig. 1 ) that is always tangential to the optical path, F ¼ B C :V . For a uniform field parallel to the waveguide (B P in Fig. 1 ), F ¼ B p :V :Cosðs=RÞ, where s is the arc length from the point where the magnetic field is parallel to the optical propagation direction [14] . For the sake of simplicity, here, we consider F ¼ B:V for both cases where B is the effective average magnetic field parallel to pointing vector of the circulating optical field (WG mode). For the circular magnetic field, B ¼ B C , while for a uniform magnetic field, B ¼ 2B P = or the integral over tangential B-field component around the circle. (This is applicable to the general case of the uniform field parallel to the waveguide-resonator plane and not necessarily the waveguide itself.) In our calculations, we study the behavior of the optical transmission spectrum as a function of B, which can be applied to both cases. Using (2), it can be shown that after m roundtrip, the input and output-polarization states are related through
Note that the above equations do not include the net propagation phase shifts. To obtain the net propagation phase shift for each component, we have to multiply (4) and (5) by a constant phase factor corresponding to the roundtrip phase shift. For a ring resonator, the E x (TE) and E y (TM) components of the total transmitted electric field through the coupling junction can be written as
where ¼ 4n 2 R=, a ¼ expðÀ2n 2 R=Q 0 Þ, and n ¼ ðn TE þ n TM Þ=2. For infinite number of roundtrips (resonant build-up), (6-a) and (6-b) converge into finite values, and a closed-form matrix equation can be obtained for the total transmitted electric field
gð; Þ Àjj 
Results
Equations (7) and (8) can be used to study the behavior of output optical E -field components as a function of the external magnetic field and optical cavity parameters (quality factor, diameter). In our study, we use spherical silica optical WG cavities with a Verdet constant of V ¼ 5:6 Â 10 À5 degree/G.m. The theoretical outcomes are in good agreement with previous experimental results for B ¼ 0 ½15; 16.
TE-Polarized Input
If the input is polarized along the x -direction (TE polarized), the output optical field can be calculated using (8-a) and (8-b) . To understand the general behavior of the WG modes in the presence of an external magnetic field, the optical output spectrum is first evaluated for relatively large magnetic fields and for a spherical silica cavity with a radius of 0.5 mm. Fig. 2(a) shows the transmission spectrum of the x and y -polarized output intensities (I x and I y ) normalized to input intensity for magnetic field strengths B ¼ 0, 5 Â 10 5 and 8 Â 10 5 Gauss. The B-field is uniform and parallel to the waveguide that feeds the resonator. In the presence of the Faraday rotation, in addition to the primary resonant dip at 0 , a secondary resonant dip appears at 0 þ B in the transmission spectrum of the x -polarized component. Meanwhile, two peaks (at 0 and 0 þ B ) with almost equal magnitudes ðI y ;max Þ appear in the transmission spectrum of the y -polarized component (note that I y is zero in the absence of the B-field). Ideally, B and I y ;max can be used for B-field sensing applications or controlling the circulating optical power by an external field.
However, in the presence of birefringence, the sensitivity to the magnetic field is relatively small. In Fig. 2(a) , the value of geometrically induced birefringence ðÁn g Þ has been estimated using the characteristic equations for TE and TM polarized WG modes in a spherical resonator [24] . To show the impact of the magnitude of Án g on B-field sensitivity, in Fig. 2(b) , the normalized spectrum of I x and I y are plotted for a hypothetical case where Án g ¼ 0. As is evident from the spectrums if Án g ¼ 0, the original resonance symmetrically splits into two resonant transmission dips, and the presence of the magnetic field strongly modifies the y -polarized component. When Án g ¼ 0 at B ¼ 5 Â 10 5 G, I y ;max is saturated ð¼ 1Þ, while for the actual value of Án g ¼ 3:54 Â 10 À4 , I y ;max ¼ 0:0015. More details about the impact of Án g and its dependence on sphere radius are presented in Section 3.3.
The magnitude of I y ;max also depends on optical coupling factor and is maximized in the overcoupled regime. We found that for a silica sphere with a radius of 0.5 mm, a coupling coefficient ðÞ of 0.141 (corresponding to t ¼ 0:99) results in the largest I y ;max . Fig. 3(a) shows I y ;max plotted against the B-field for different values of intrinsic quality factor ðQ 0 Þ and t ¼ 0:99. In Fig. 3(b) , I y ;max is plotted against Q 0 for Án g ¼ 0 and Án g ¼ 3:54 Â 10 À4 to show the saturation behavior, as well as the impact of a nonzero Án g . As expected, a larger Q 0 results in a larger I y ;max and eventually reaches a saturated value for a given B-field strength. For a given value of Q 0 , I y ;max also saturates at large B-field strengths, as shown in Fig. 3(c) .
Mixed Polarization Input
If both x and y components of the input optical field are nonzero (but in-phase), the behavior of the transmission spectrum is more complicated. Fig. 4(a)-(e) shows the optical transmission spectrum of the y -component intensity for different polarization angles ðÞ of the input optical field measured relative to the x -axis. As the polarization angle of the input optical field changes from 0 ðE 0y ¼ 0Þ to larger values ðE 0x 6 ¼ 0; E 0y 6 ¼ 0Þ, the background transmission of the y -polarization grows; the primary transmission peak turns into a dip-to-peak transition, and the secondary-peak turns into a dip.
Here, we define ÁI y ;max as the maximum normalized output intensity change of the ycomponent after the B-field is applied. In Fig. 4(f) , ÁI y ;max is plotted against polarization angle, showing a maximum at 45
. A comparison between ÁI y ;max with ¼ 45 , and I y ;max (x-polarized input) for a given B-field strength shows that ÁI y ;max is two to three orders of magnitude larger and is therefore a better parameter for B-field sensing applications. Therefore, using a mixed polarized optical input field with E 0x ¼ E 0y ¼ E 0 = p 2, the output intensity will have the maximum sensitivity to B-field magnitude. Fig. 5(a) shows ÁI y ;max (for ¼ 45 ) plotted against the B-field for different values of intrinsic quality factor ðQ 0 Þ and t ¼ 0:99. In Fig. 5(b) , ÁI y ;max is plotted against Q 0 for Án g ¼ 0 and Án g ¼ 3:54 Â 10 À4 to show the saturation behavior, as well as the impact of a nonzero Án g . Similar to the x -polarized case, ÁI y ;max saturates around Q 0 ¼ 10 8 . For a given value of Q 0 , ÁI y ;max saturates at large B-field strengths, as shown in Fig. 5(c) .
Impact of Geometrically Induced Birefringence
As shown in Sections 3.1 and 3.2, independent of input polarization, the geometrically induced birefringence significantly quenches the Faraday rotation and the corresponding changes in I y spectrum similar to what has been observed in the context of fibers and fiber coils [11] , [14] . Fig. 6(a) shows both ÁI y ;max and I y ;max rapidly decay as Án g increases. In Fig. 6(b) , Án g is plotted against radius for a silica spherical optical cavity. As is evident from the graph, although the obvious advantage of high-Q microcavities is their small size, there is still a tradeoff between size and sensitivity mainly due to bending induced geometrical birefringence ðÁn g Þ. Using the information in Fig. 6(a) and (b) , one can estimate the minimum radius of the cavity based on the photodetector sensitivity and the magnitude of the magnetic field under test.
In Fig. 6(c) , we have calculated the minimum detectable B-field as a function of silica sphere radius for 1-mW input power polarized at ¼ 45 and a photodetector with minimum sensitivity of Here, the silica sphere radius is 0.5 mm, and t ¼ 0:99. Note that I y:max is always normalized to the input optical power.
1 nW. Note that in a fiber coil, the bending radius can be chosen such that the birefringence halfbeat length ðL p =2 ¼ =2Án g Þ is matched to half-circumference (L p =2 ¼ mR or R ¼ =2 mÁn g , where m is an integer) that results in a large interaction length, in spite of a nonzero Án g [14] . In a WG optical cavity, however, the dependence of the geometrical birefringence (and, therefore, halfbeat length) on the sphere circumference cannot satisfy the matching condition. Our calculation shows for a typical silica sphere with a radius between 0.1 to 5 mm, 1 G L p =2 G 1:4 Â R.
Conclusion
We have studied the Faraday rotation in WG optical cavities. The outcomes of the simple theoretical model presented here clearly show that high-Q optical WG resonance can improve the efficiency of Faraday rotation in a small volume. However, the amplifying effect of long interaction length (due to long photon life) is significantly reduced by the geometrically induced birefringence. To overcome the limitation imposed by birefringence, one can use using larger spherical or diskshaped cavities. Although fabricating small microspherical cavities with Q 0 9 10 9 is relatively easy, obtaining optical quality factors in large spherical cavities requires special fabrication techniques. One possibility is to reduce the index contrast between the cavity and the surrounding medium (which will reduce Án g ) by embedding the cavity in a medium with a refractive index larger than 1. Another solution is fabricating the WG cavity using naturally birefringent materials that can counterbalance Án g and reduce the total by a natural Án tot ¼ Án g À Án b (Án b : natural birefringence). Note that as with any optical system, here, the B-field sensitivity can be improved by increasing the optical input power and the sensitivity of the photodetector. However, in this work, we have targeted a low-power and low-cost optical B-field sensor with the smallest possible volume. Here, the silica sphere radius is 0.5 mm, and t ¼ 0:99. Note that ÁI y:max is always normalized to the input optical power.
